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LOAD CAPACITY OF BODIES
REUVEN SEGEV
Abstrat. For the stress analysis in a plasti body Ω, we prove that
there exists a maximal positive number C, the load apaity ratio, suh
that the body will not ollapse under any external tration eld t bounded
by CY0, where Y0 is the elasti limit. The load apaity ratio depends
only on the geometry of the body and is given by
1
C
= sup
w∈LD(Ω)D
∫
Γt
|w| dA∫
Ω
|ε(w)| dV
= ‖γD‖.
Here, LD(Ω)D is the spae of isohori vetor elds w for whih the
orresponding strethings ε(w) are assumed to be integrable and γD
is the trae mapping assigning the boundary value γD(w) to any w ∈
LD(Ω)D.
1. Introdution
Consider a homogeneous isotropi elasti-perfetly plasti body Ω. We prove
in this study that there exists a maximal positive number C, to whih we
refer as the load apaity ratio, suh that the body will not ollapse under
any external tration eld t bounded by CY0, where Y0 is the elasti limit.
Thus, while the limit analysis fator of the theory of plastiity (e.g., [1, 2℄)
pertains to a spei distribution of external loading, the load apaity ratio
is independent of the distribution of external loading and implies that no
ollapse will our for any eld t on ∂Ω as long as
ess sup
y∈∂Ω
|t(y)| < CY0. (1.1)
Collapse will our for some t if the bound is C ′Y0 with any C
′ > C.
The load apaity ratio depends only on the geometry of the body and we
prove below that
1
C
= sup
w∈LD(Ω)D
∫
Γt
|w| dA∫
Ω |ε(w)| dV
= ‖γD‖. (1.2)
Here, LD(Ω)D is the spae of isohori integrable vetor elds w for whih
the orresponding strethings ε(w) are assumed to be integrable and γD is
the trae mapping assigning the boundary value γD(w) to any w ∈ LD(Ω)D.
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The notion of load apaity ratio is an appliation to plastiity of ideas
presented in our previous work [4, 5, 3℄ where we onsider stress elds on
bodies whose maxima are the least. The general setting may be desribed
as follows.
Let Ω represent the region oupied by the body in spae so the body
is supported on a part Γ0 of its boundary and let t be the external surfae
tration ating on the part Γt of its boundary. Body fores may be inluded
in the analysis using the same methods as in [5℄ but for the sake of simpliity
we omit them here. The mehanial properties of the body are not speied,
and so, there is a lass of stress elds that satisfy the equilibrium onditions
with the external loading. (Clearly, distint distributions of the mehani-
al properties within the body will result in general distint equilibrating
stress distributions.) Eah equilibrating stress eld in this lass has its own
maximal value, and we denote by σoptt the least maximum.
Speially, the magnitude of the stress eld at a point is evaluated using
a norm on the spae of matries. It is noted that yield onditions in plastiity
usually use semi-norms on the spae of stress matries rather than norms.
By the maximum of a stress eld we mean the essential supremum over the
body of its magnitude. Thus, we ignore exessive values on regions of zero
volume. The tration elds that we admit are essentially bounded also. The
set Ω is assumed to be open, bounded and its boundary is assumed to be
smooth. Furthermore, it is assumed that Γt and Γ0 are disjoint open subsets
of the boundary whose losures over the boundary, and that their losures
interset on a smooth urve.
Subjet to these assumptions (see further details in Setion 2) our rst
result is
Theorem 1.1. (i) The Existene of stresses. Given an essentially
bounded tration eld t on Γt, there is a olletion Σt of essentially bounded
symmetri tensor elds, interpreted physially as stress elds, that represent
t in the form∫
Γt
t · w dA =
∫
Ω
σijεij(w) dV, for all σ ∈ Σt, w ∈ C
∞(Ω,R3), (1.3)
where, ε(w) = 12(∇w +∇w
T ).
(ii) The Existene of optimal stress elds. There is a stress eld σ̂ ∈ Σt
suh that
σoptt = inf
σ∈Σt
{
ess sup
x∈Ω
|σ(x)|
}
= ess sup
x∈Ω
|σ̂(x)| . (1.4)
(iii) The expression for σoptt . The optimum satises
σoptt = sup
w∈C∞(Ω,R3)
∣∣∣∫Γt t · w dA∣∣∣∫
Ω |ε(w)| dV
, (1.5)
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where the magnitude of ε(w)(x) is evaluated using the norm dual to the one
used for the values of stresses.
Item (i) above is of theoretial interest. It is a representation theorem
for the virtual work performed by the tration eld using tensor elds that
we naturally interpret as stresses. It should be noted that the existene of
stress is not assumed here a-priori. The expression for the representation by
stresses turns out to be the priniple of virtual work (1.3). Thus, the equi-
librium onditions are derived mathematially on the basis of quite general
assumptions. Item (i) also ensures us that the representing stress elds are
also essentially bounded. Item (ii) states that the optimal value is atually
attainable for some stress eld and not just as a limit proess.
Next, we onsider generalized stress onentration fators for the given
body. For a given external loading, traditional stress onentration fators
are used by engineers to speify the ratio between the maximal stress in the
body and the maximum nominal stress obtained using simplied formulas
where various geometri irregularities are not taken into aount. Regarding
these nominal stresses as boundary tration elds, we formulate the notion
of a stress onentration fator for a stress eld σ in equilibrium with the
tration t mathematially as the ratio between the maximal stress and the
maximum tration. Speially, we set
Kt,σ =
ess supx∈Ω |σ(x)|
ess supy∈Γt |t(y)|
. (1.6)
In partiular, the optimal stress onentration fator for the given tration
t, is
Kt = inf
σ∈Σt
{Kt,σ} =
σoptt
ess supy∈Γt |t(y)|
. (1.7)
Finally, realizing that engineers may be unertain as to the nature of the
external loading, we let the external loading vary and dene the generalized
stress onentration fator, a purely geometri property of the body Ω, as
K = sup
t
{Kt} , (1.8)
where t varies over all essentially bounded tration elds. In other words, K
is the worst possible optimal stress onentration fator. Using the result on
optimal stresses, we prove straightforwardly the following
Theorem 1.2. The generalized stress onentration fator satises
K = sup
w∈C∞(Ω,R3)
∫
Γt
|w| dA∫
Ω |ε(w)| dV
= ‖γ0‖, (1.9)
where γ0 is the trae mapping for vetor elds satisfying the boundary on-
ditions on Γ0.
1
1
Further details on γ0 are desribed in Setion 3.
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To prove the theorems we use standard tools of analysis and the theory
of LD-spaes given by [9, 10, 7℄. Results analogous to Theorems (1.1) and
(1.2) were presented in our earlier work ited above. In [4℄, a weaker form of
equilibrium is assumed, and in all earlier work we did not onsider boundary
onditions for the displaements on Γ0.
Next we turn to the adaptation needed for the appliation to plastiity.
It is assumed that the yield funtion is a norm on the spae of matries
applied to the deviatori omponent of the stress matrix. Thus, it turns
out that the same mathematial struture applies if we onsider isohori
(inompressible) vetor elds in the suprema of Equations (1.5) and (1.9).
For example, the analog of Equation (1.5) is
σoptt = sup
w∈LD(Ω)D
∣∣∣∫Γt t · w dA∣∣∣∫
Ω |ε(w)| dV
, (1.10)
where LD(Ω)D is the olletion of isohori vetor elds having integrable
strains.
It turns out that optimal stresses are related to limit analysis of plastiity.
In fat, the limit analysis fator λ∗ (see Remark 5.2 and [1, 2, 8℄) is simply
given by
λ∗ =
Y0
σoptt
. (1.11)
Furthermore, the expression for the optimal stress of Equation (1.10) is im-
plied mathematially by the results of Christiansen and Temam & Strang
([1, 2, 8℄). This implies that the optimal stress elds do not require a speial
designs of non-homogeneous material properties but our for the frequently
used models of elasti-plasti bodies. In partiular, elasti-plasti material
will attain the optimal stress eld independently of the distribution of the
external load.
We take advantage of these observations and introdue here the notion of
load apaity ratioa purely geometri property of the body. As desribed
above, the load apaity ratio may be oneived as a universal limit design
fator, whih is independent of the distribution of the external loading. It
immediately follows from its denition that
C =
1
K
. (1.12)
Setion 2 introdues the notation, assumptions and some bakground ma-
terial. In partiular, the spae LD(Ω) of vetor elds of integrable streth-
ings (or linear strains) (see [9, 10, 7℄) is desribed. Following some prelimi-
nary material onerning the boundary onditions in Setion 3, the proof of
the theorems is given in Setion 4, with some additional details in Appendix
A. The adaptation to plastiity theory, inluding the introdution of the
load apaity ratio, is presented in Setion 5.
It is noted that for strutures, i.e., the nite dimensional approximations of
the present setting, the expression for C may be set as a linear programming
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problem. Thus, the load apaity ratio and the generalized stress onentra-
tion fator may be omputed approximately using standard algorithms.
I would like to thank anonymous reviewers for pointing out the relation
between the notion of optimal stress and the expression I obtained for it, and
the limit analysis fator and the expressions for it in the work of Christiansen
and Temam & Strang ([1, 2, 8℄).
2. Notation and Preliminaries
2.1. Basi variables. We onsider a body under a given onguration in
spae. The spae is modelled simply by R
3
and the image of the body
under the given onguration is the subset Ω ⊂ R3. It is assumed that
Ω is open and bounded and that it has a C
1
-boundary ∂Ω. Furthermore,
there are two open subsets Γ0 ⊂ ∂Ω, and Γt ⊂ ∂Ω suh that Γ0 is the
region where the body is supported and Γt is the region where the body
is not supported so that a surfae tration eld t may be exerted on the
body on Γt. Thus, it is natural to assume that Γ0 and Γt are nonempty and
disjoint, Γ0 ∪ Γt = ∂Ω, and Λ = ∂Γ0 = ∂Γt is a dierentiable 1-dimensional
submanifold of ∂Ω. (The regularity assumptions may be generalized without
aeting the validity of the onstrutions below.)
Basi objets in the onstrution are spaes of generalized veloity elds.
A generi generalized veloity eld (alternatively, virtual veloity or virtual
displaement) will be denoted by w. In the sequel we onsider a number
of Banah spaes ontaining generalized veloities and a generi spae of
generalized veloities will be a denoted by W. Generalized fores will be
elements of the dual spae W
∗
. Thus, a generalized fore F is a bounded
linear funtional F : W −→ R, suh that F (w) is interpreted as the virtual
power (virtual work) performed by the fore for the generalized veloity w.
We reall that the dual norm of a linear funtional F is dened as
‖F‖ = sup
w∈W
|F (w)|
‖w‖
. (2.1)
2.2. Virtual strethings (linear strains) and stresses. As an exam-
ple for the preeding paragraph, onsider the ase where W is the spae
L1(Ω,R6) of L1-symmetri tensor elds onΩ. A typial element ε ∈ L1(Ω,R6)
is interpreted as a virtual strething eld or a linear strain eld. We will use
|ε(x)| to denote the norm of the matrix ε(x). Various suh norms are de-
sribed in [3℄. Thus,
‖ε‖1 =
∫
Ω
|ε(x)| dV. (2.2)
The dual spae L1(Ω,R6)∗ = L∞(Ω,R6) ontains symmetri essentially
bounded tensor elds σ that at on the strething elds by
σ(ε) =
∫
Ω
σ(x)(ε(x)) dV. (2.3)
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Here, we use the same notation for the funtional σ and the essentially
bounded tensor eld representing it and we regard the matrix σ(x) as a
linear form on the spae of matries so σ(x)(ε(x)) = σ(x)ijε(x)ji. Naturally,
an element σ ∈ L∞(Ω,R6) is interpreted as a stress eld. The dual norm of
a stress eld is given as
‖σ‖ = ‖σ‖∞ = ess sup
x∈Ω
|σ(x)| . (2.4)
Here, |σ(x)| is alulated using the norm on the spae of matries whih is
dual to the one used for the evaluation of |ε(x)| (see [3℄ for details). Thus, the
hoie of the spae L1(Ω,R6) for strethings is natural when one is looking
for the maximum of the stress tensor.
2.3. The spae of boundary veloity elds and boundary trations.
As another example to be used later, onsider the spae L1(Γt,R
3) of in-
tegrable vetor elds on the free part of the boundary. Its dual spae is
L1(Γt,R
3)∗ = L∞(Γt,R
3), (2.5)
so that a generalized fore in this ase will be represented by an essentially
bounded vetor eld t on Γt. Using the same notation for the funtional and
the vetor eld representing it, we have
t(u) =
∫
Γt
t(y) · u(y) dA (2.6)
so t may be interpreted as a tration eld on Γt as expeted. The dual norm
of the tration eld t is
‖t‖ = ‖t‖∞ = ess sup
y∈Γt
|t(y)| , (2.7)
again, the relevant maximum.
2.4. The spae LD(Ω) and its elementary properties. A entral role in
the subsequent analysis is played by the spae LD(Ω) ontaining vetor elds
of integrable strethings (see [7, 9, 10℄). We summarize below its denition
and basi relevant properties (see [10℄ for proofs and details).
2.4.1. Denition. For an integrable vetor eld w ∈ L1(Ω,R3), let ∇w de-
note its distributional gradient and onsider the orresponding strething (a
tensor distribution)
ε(w) =
1
2
(∇w +∇wT ). (2.8)
The vetor eld w has an integrable strething if the distribution ε(w) is an
integrable symmetri tensor eld, i.e., it belongs to L1(Ω,R6). For the sake
of simplifying the notation, we use ε for both the strething mapping here
and its value in the example above. The spae LD(Ω) is dened by
LD(Ω) =
{
w : Ω → R3; w ∈ L1(Ω,R3), ε(w) ∈ L1(Ω,R6)
}
. (2.9)
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A natural norm is provided by
‖w‖ = ‖w‖LD = ‖w‖1 + ‖ε(w)‖1 (2.10)
and it indues on LD(Ω) a Banah spae struture. Clearly, the strething
mapping
ε : LD(Ω) −→ L1(Ω,R6) (2.11)
is linear and ontinuous.
2.4.2. Approximations. The spae of restritions to Ω of smooth mappings in
C∞(Ω,R3), is dense in LD(Ω), so any LD-vetor eld may be approximated
by restritions of smooth vetor elds dened on the losure Ω.
2.4.3. Trae mapping. There is a unique ontinuous and linear trae mapping
γ : LD(Ω) −→ L1(∂Ω,R3) (2.12)
satisfying the onsisteny ondition
γ(u|Ω) = u|∂Ω (2.13)
for any ontinuous mapping u ∈ C0(Ω,R3). Furthermore, the trae mapping
is surjetive. Thus, although LD-mappings are dened on the open set Ω,
they have meaningful L1 boundary values.
2.4.4. Equivalent norm. Let Γ be an open subset of ∂Ω and for w ∈ LD(Ω)
let
‖w‖Γ =
∫
Γ
|γ(w)| dA+ ‖ε(w)‖1, (2.14)
then, ‖w‖Γ is a norm on LD(Ω) whih is equivalent to the original norm
dened in Equation (2.10).
3. Construtions Assoiated with the Boundary Conditions
3.1. The spae L1(∂Ω,R3)0. Let L
1(∂Ω,R3)0 ⊂ L
1(∂Ω,R3) be the vetor
spae of vetor elds on ∂Ω suh that for eah u ∈ L1(∂Ω,R3)0, u(y) = 0
for almost all y ∈ Γ0. It is noted that the restrition mapping
ρ0 : L
1(∂Ω,R3) −→ L1(Γ0,R
3), ρ0(u) = u|Γ0 (3.1)
is linear and ontinuous. Thus, sine
L1(∂Ω,R3)0 = ρ
−1
0 {0}, (3.2)
L1(∂Ω,R3)0 is a losed subspae of L
1(∂Ω,R3).
The restrition mapping
ρt : L
1(∂Ω,R3)0 −→ L
1(Γt,R
3), ρt(u) = u|Γt (3.3)
is also linear and ontinuous. In addition, as ∂Γ0 = ∂Γt = Λ have zero area
measure, ∫
∂Ω
|u| dA =
∫
Γt
|ρt(u)| dA, u ∈ L
1(∂Ω,R3)0, (3.4)
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so ρt is a norm-preserving injetion.
Consider the zero extension mapping
e0 : L
1(Γt,R
3) −→ L1(∂Ω,R3)0, (3.5)
dened by
e0(u)(y) =
{
u(y) for y ∈ Γt,
0 for y /∈ Γt.
(3.6)
Clearly, ρt ◦ e0 is the identity on the spae L
1(Γt,R
3). Moreover, for any
u ∈ L1(∂Ω,R3)0, e0(ρt(u))(y) = u(y) almost everywhere (exept for y ∈ Λ),
so e0 ◦ ρt is the identity on L
1(∂Ω,R3)0. We onlude,
Lemma 3.1. The mappings ρt and e0 indue an isometri isomorphism of
the spaes L1(∂Ω,R3)0 and L
1(Γt,R
3). The dual mappings e∗0 and ρ
∗
t indue
an isometri isomorphism of the spaes L1(Γt,R
3)∗ and L1(∂Ω,R3)∗0. Every
element t0 ∈ L
1(∂Ω,R3)∗0 is represented uniquely by an essentially bounded
t ∈ L∞(Γt,R
3) in the form
t0(u) =
∫
Γt
t · udA. (3.7)
3.2. The spae LD(Ω)0 of veloity elds satisfying the boundary
onditions. Realling the denition of the equivalent norm on LD(Ω) in
Equation (2.14), we set Γ = Γ0 in that equation. Heneforth, we will use on
LD(Ω) the equivalent norm
‖w‖ = ‖w‖Γ0 =
∫
Γ0
|γ(w)| dA+ ‖ε(w)‖1. (3.8)
Consider the vetor subspae LD(Ω)0 dened by
LD(Ω)0 = γ
−1
{
L1(∂Ω,R3)0
}
⊂ LD(Ω). (3.9)
Thus, LD(Ω)0 is the subspae ontaining vetor elds on Ω whose bound-
ary values vanish on Γ0 almost everywhere. Sine γ is ontinuous and
L1(∂Ω,R3)0 is a losed subspae of L
1(∂Ω,R3), LD(Ω)0 is a losed sub-
spae of LD(Ω). Combining this with Lemma (3.1) we obtain immediately
Lemma 3.2. The mapping
γ0 = ρt ◦ γ|LD(Ω)0 : LD(Ω)0 −→ L
1(Γt,R
3) (3.10)
is a linear and ontinuous surjetion. Dually,
γ∗0 =
(
γ|LD(Ω)0
)∗
◦ ρ∗t : L
∞(Γt,R
3) −→ LD(Ω)∗0 (3.11)
is a ontinuous injetion.
Observing Equation (3.8), for eah w ∈ LD(Ω)0,
‖w‖ = ‖ε(w)‖1. (3.12)
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Lemma 3.3. The mapping
ε0 = ε|LD(Ω)0 : LD(Ω)0 → L
1(Ω,R6) (3.13)
is an isometri injetion.
Proof. Equation (3.12) implies immediately that ‖w‖ = ‖ε(w)‖1 for all w ∈
LD(Ω)0. Being a linear isometry, the zero element is the only element that
is mapped to zero, so ε0 is injetive. In addition to relying on the tehnial
property (2.4.4) of LD(Ω) to show that ε0 is injetive, it should be mentioned
that this follows from the fat that for any vetor eld w on Ω, ε(w) = 0
only if w is a rigid vetor eld, i.e., if w is of the form w(x) = a + b × x,
a, b ∈ R3. Now, the only rigid vetor eld that vanishes on the open set Γ0
is the zero vetor eld. 
4. The Mathematial Construtions
Let t ∈ L∞(Γt,R
3) be a tration eld on the free part of the boundary.
Then, γ∗0(t) is an element of LD(Ω)
∗
0 representing t. The basi properties of
elements of LD(Ω)∗0 are as follows.
Lemma 4.1. Eah S ∈ LD(Ω)∗0 may be represented by some non-unique
tensor eld σ ∈ L∞(Ω,R6) in the form
S = ε∗0(σ) or S(w) =
∫
Ω
σ(x)(ε0(w)(x)) dV. (4.1)
The dual norm of S satises
‖S‖ = inf
σ
‖σ‖∞ = inf
σ
{
ess sup
x∈Ω
|σ(x)|
}
, (4.2)
where the inmum is taken is taken over all tensor elds σ, satisfying S =
ε∗0(σ), i.e, tensor elds representing S. There is a σ̂ ∈ L
∞(Ω,R6) for whih
the inmum is attained.
Proof. The assertion follows from the fat that ε0 is a linear and isomet-
ri injetion as in Lemma (3.3) and using the Hahn-Banah theorem. See
Appendix A for the details of the tehnial lemma used and its proof. 
Applying this lemma to S = γ∗0(t) one may draw the following onlusions.
Conlusion 4.2. Fores on the body given by essentially bounded surfae
trations are represented by tensor elds on the body. These tensor elds
are naturally interpreted as stress elds. The ondition that a stress tensor
eld σ represents the surfae tration t is
γ∗0(t) = ε
∗
0(σ), (4.3)
and expliitly, ∫
Γt
t · γ0(w) dA =
∫
Ω
σ(ε0(w)) dV, (4.4)
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for eah vetor eld w ∈ LD(Ω)0, i.e., a vetor eld of integrable strething
satisfying the boundary ondition on Γ0. This ondition is just the priniple
of virtual work whih is a weak form of the equation of equilibrium and
the orresponding boundary onditions. Thus, we have derived both the
existene of stresses and the equilibrium onditions analytially under mild
assumptions.
It is noted that the subsript 0, only indiating the restrition of the vari-
ous operations to elds satisfying the boundary onditions, may be omitted
above. Also, as the restritions of smooth vetor elds on Ω are dense in
LD(Ω), it is suient to verify that the ondition holds for smooth elds on
Ω. For suh elds, the integrand on the left may be replaed simply by t ·w.
Conlusion 4.3. There is an optimal stress eld σ̂ representing t and
‖γ∗0(t)‖ = ‖σ̂‖∞ = infσ
{
ess sup
x∈Ω
|σ(x)|
}
, (4.5)
where the inmum is taken over all stress elds σ satisfying γ∗0(t) = ε
∗
0(σ),
i.e., all stress elds in equilibrium with t. Thus, the inmum on the right is
the optimal maximal stress σoptt . In addition, by the denition of the dual
norm we have
‖γ∗0(t)‖ = sup
w∈LD(Ω)0
|γ∗0(t)(w)|
‖w‖
(4.6)
= sup
w∈LD(Ω)0
|t(γ0(w))|
‖ε(w)‖1
, (4.7)
where in the last line we used Equation (3.12). We onlude that
σoptt = sup
w∈LD(Ω)0
∣∣∣∫Γt t · γ0(w) dA∣∣∣∫
Ω |ε(w)| dV
. (4.8)
Realling that the restritions of smooth mappings on Ω are dense in LD(Ω)
and that for suh mappings the trae mapping is just the restrition, the
optimal stress may be evaluated as
σoptt = sup
w
∣∣∣∫Γt t · w dA∣∣∣∫
Ω |ε(w)| dV
, (4.9)
where the supremum is taken over all smooth mappings in C∞(Ω,R3) that
vanish on Γ0.
It is noted that the value of σoptt depends on the norm used for strain
matries.
We now turn to the simple proof of Theorem (1.2).
Proof. We had
σoptt = sup
w∈LD(Ω)0
|t(γ0(w))|
‖ε(w)‖1
= ‖γ∗0(t)‖ ,
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so
K = sup
t∈L∞(Γt,R3)
σoptt
‖t‖
= sup
t∈L∞(Γt,R3)
{
‖γ∗0(t)‖
‖t‖
}
= ‖γ∗0‖ = ‖γ0‖ (4.10)
where the last equality is the standard equality between the norm of a map-
ping and the norm of its dual (e.g., [6, pp., 191-192℄). 
5. Load Capaity for Plasti Bodies
The analysis we presented in the previous setions may be applied to
the limit analysis of plasti bodies. While in the preeding analysis the
magnitude of the stress at a point was represented by the norm of the stress
matrix, for the analysis of plastiity, the relevant quantity is the value of
the yield funtion. The yield funtion is usually taken as a seminorm on the
spae of matriesa norm on the deviatori omponent of the stress. The
neessary adaptation is as follows.
5.1. Notation and Preliminaries. We denote by piP the projetion on the
subspae of spherial matries P , i.e.,
piP (m) =
1
3
miiI, (5.1)
and by piD, the projetion on the subspae of deviatori matries D so
piD(m) = mD = m− piP (m). (5.2)
Thus, the pair (piD, piP ) makes an isomorphism of the spae of matries
with D ⊕ P . We will therefore make the identiation R6 = D ⊕ P and
R
6∗ = D∗ ⊕ P ∗. We will use the same notation |·| for both the norm on R6,
whose elements are interpreted as strain values, and the dual norm on R
6∗
,
whose elements are interpreted as stress values (although the norms may be
dierent in general). Thus, we assume that the yield funtion is of the form
Y (m) = |piD(m)| . (5.3)
For example, if we take |·| to be the 2-norm on R6∗ we get the Von-Misses
yield riterion. In pratial terms this means that the material yields at a
point x when Y (σ(x)) = Y0 for some limiting yield stress value Y0 ∈ R
+
.
Thus, we will extend the foregoing disussion to the ase where Y , evi-
dently a seminorm, replaes the norm on the spae of stress matries. For
the spae of stress elds we will therefore have the seminorm ‖ · ‖Y dened
by
‖σ‖Y = ‖piD ◦ σ‖∞ = ess sup
x∈Ω
Y (σ(x)). (5.4)
The expression dening the optimal stress beomes
σoptt = inf
γ∗(t)=ε∗(σ)
‖σ‖Y = inf
γ∗(t)=ε∗(σ)
{‖piD ◦ σ‖∞} . (5.5)
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The ondition for ollapse is σoptt > Y0 and we use Ψ to denote the ollapse
manifold, i.e.,
Ψ =
{
t | σoptt = Y0
}
. (5.6)
Remark 5.1. The expression
σoptt = inf
ε∗(σ)=γ∗(t)
‖σ‖Y
for the optimal stress may be refomultated as follows. Realling that Y0
denotes the yield stress, we write σ = σ1/λ, ‖σ1‖Y = Y0 and noting that
‖σ/‖σ‖Y ‖Y = 1, we are looking for
σoptt = inf
ε∗(σ1/λ)=γ∗(t),
λ∈R+, σ1∈∂B
‖σ1/λ‖Y (5.7)
where B is the ball in L∞(Ω,D) of radius Y0 . Thus,
σoptt = inf
ε∗(σ1/λ)=γ∗(t),
λ∈R+, σ1∈∂B
Y0
λ
, (5.8)
Y0
σoptt
= sup {λ | ∃σ1 ∈ ∂B, ε
∗(σ1) = γ
∗(λt)} . (5.9)
Clearly, in the last equation ∂B may be replaed by B beause if we
onsider σ with ‖σ‖Y < 1, then, σ1 = σ/‖σ‖Y is in ∂B and the orresponding
λ will be multiplied by ‖σ‖Y < 1.
In the last equation the unit ball B ontains the (elasti) states of the
material within the yield surfae and we are looking for the largest multipli-
ation of the fore so the resulting stress is within the yield surfae. Thus,
we are looking for
Y0
σoptt
= λ∗ = supλ, ∃σ ∈ B, ε∗(σ) = γ∗(λt). (5.10)
whih is the limit analysis fator (e.g., Christiansen [1, 2℄ and Teman &
Strang [8℄).
The expression dening the generalized stress onentration fator as-
sumes the form
K = sup
t
σoptt
‖t‖∞
= sup
t
inf
γ∗(t)=ε∗(σ)
‖σ‖Y
‖t‖∞
= sup
t
inf
γ∗(t)=ε∗(σ)
‖piD ◦ σ‖∞
‖t‖∞
. (5.11)
For the appliation to plastiity, we use the term load apaity for C =
1/K. Hene,
C =
1
supt(σ
opt
t /‖t‖∞)
= inf
t
‖t‖∞
σoptt
. (5.12)
For every loading t we set
tΨ =
t
σoptt /Y0
, (5.13)
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so using σoptλt = ‖γ
∗(λt)‖ = λσoptt for any λ > 0, one has
σopttΨ = Y0,
‖t‖∞
σoptt
=
‖tΨσ
opt
t /Y0‖∞
σoptt
= ‖tΨ‖∞/Y0. (5.14)
It follows that for any t, tΨ belongs to the ollapse manifold Ψ and the
operation above is a projetion onto the ollapse manifold. Thus,
C = inf
t
‖t‖∞
σoptt
= inf
tΨ∈Ψ
‖tΨ‖∞/Y0, (5.15)
and indeed, CY0 = inftΨ∈Ψ ‖tΨ‖∞ is the largest radius of a ball ontaining
only surfae fores for whih ollapse does not our.
5.2. Construtions assoiated with the extension to plastiity. The
top row of the following ommutative diagram desribes the various kine-
mati mappings we used in the ase of a norm on the spae of stresses as
onsidered in the previous setions. The subspae L1(Ω,D) of L1(Ω,R6)
ontains deviatori (isohori) strain elds and there is a natural projetion
pi◦D : L
1(Ω,R6) → L1(Ω,D) given by pi◦D(χ) = piD ◦ χ. The inlusion of a
subspae in a vetor spae will be generally denoted as ι. We will also use
the notation
LD(Ω)D = ε
−1
0
{
L1(Ω,D)
}
(5.16)
for the subspae of isohori LD-vetor elds. Thus, using εD and γD for
the restritions ε0|LD(Ω)D and γ0|LD(Ω)D , respetively, we have the following
ommutative diagram.
L1(Γt,R
3)
γ0
←−−−− LD(Ω)0
ε0−−−−→ L1(Ω,R6)∥∥∥ xι ιxypi◦D
L1(Γt,R
3)
γD←−−−− LD(Ω)D
εD−−−−→ L1(Ω,D).
(5.17)
The dual diagram is
L∞(Γt,R
3)
γ0∗
−−−−→ LD(Ω)∗0
ε∗0←−−−− L∞(Ω,R6)∥∥∥ yι∗ ι∗yxpi◦∗D
L∞(Γt,R
3)
γ∗
D−−−−→ LD(Ω)∗D
ε∗
D←−−−− L∞(Ω,D).
(5.18)
Sine εD is just a restrition of ε0, it is still a linear, norm-preserving
injetion. Thus, the assertion of Lemma (4.1) and the subsequent onlusions
hold where LD(Ω)D, εD, and γD replae LD(Ω)0, ε0, and γ0, respetively.
The expression for the optimal stress for the plastiity analysis is therefore,
σoptt = inf
γ∗(t)=ε∗(σ)
‖σ‖Y = sup
w∈LD(Ω)D
∣∣∣∫Γt t · w dA∣∣∣∫
Ω |ε(w)| dV
(5.19)
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Finally, the load apaity ratio is given by
1
C
= K = sup
t∈L∞(Γt,R3)
σoptt
‖t‖∞
= sup
w∈LD(Ω)D
∫
Γt
|w| dA∫
Ω |ε(w)| dV
= ‖γD‖. (5.20)
Remark 5.2. Our result (5.19) for the optimal stress assoiated with S =
γ∗D(t) is
σoptS = sup
w∈LD(Ω)D
|S(w)|
‖ε(w)‖Y
. (5.21)
For limit analysis in plastiity it is shown by Christiansen [1, 2℄ and Teman
& Strang [8℄ that the kinemati version of the limit load is equivalent to the
statial version above, speially,
λ∗ = inf
S(w)=1
{
sup
σ∈B
{ε∗(σ)(w)}
}
. (5.22)
We will show that the two expressions are equivalent for the setting of stress
optimization.
Equation (5.21) may be rewritten as
σoptS = sup
w∈LD(Ω)D , S(w)=1
1
‖ε(w)‖Y
(5.23)
=
1
infS(w)=1 ‖ε(w)‖Y
(5.24)
where we used supx(1/x) = 1/ inf x. We onlude that
1
σoptS
= inf
S(w)=1
‖ε(w)‖Y . (5.25)
On the other hand, if we replae in the kinemati version of the limit load
the requirement σ ∈ B by the requirement ‖σ‖Y 6 Y0 whih is the analog
in our setting, we obtain
λ∗ = inf
S(w)=1
{
sup
‖σ‖Y 6Y0
{ε∗(σ)(w)}
}
(5.26)
= inf
S(w)=1
{
sup
‖σ‖Y 6Y0
{σ(ε(w))}
}
. (5.27)
Using ‖ε(w)‖ = sup‖σ‖61 |σ(ε(w))|, we have
λ∗ = Y0 inf
S(w)=1
‖ε(w)‖Y , (5.28)
so indeed λ∗ = Y0/σ
opt
S .
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Appendix A. The Tehnial Lemma
Lemma A.1. Let W and V be two Banah spaes and ϕ : W −→ V an
isometri injetion.
(i) For eah S ∈W∗ there is some (non-unique) σ ∈ V∗, suh that
S = ϕ∗(σ). (A.1)
(ii) The dual norm of S satises
‖S‖ = inf
σ
‖σ‖, (A.2)
where the inmum is taken over all σ representing S, i.e., those satisfying
S = ϕ∗(σ). (A.3)
(iii) There is a σ̂ ∈ V∗ suh that
‖S‖ = inf
σ
‖σ‖ = ‖σ̂‖. (A.4)
Proof. Given S ∈W∗, we may use the fat that
ϕ−1 : Imageϕ ⊂ V −→W (A.5)
is a well dened linear isometry to write∣∣S(ϕ−1(v))∣∣ 6 ‖S‖‖ϕ−1(v)‖ = ‖S‖‖v‖. (A.6)
It follows that
S ◦ ϕ−1 : Imageϕ −→ R (A.7)
is a bounded linear funtional on the subspae Imageϕ ⊂ V. We reall that
the Hahn-Banah theorem asserts that if U ⊂ V is a vetor subspae and τ
is a bounded linear funtional on U, then, τ may be extended to a bounded
linear funtional σ on V suh that
σ(u) = τ(u), for all u ∈ U, (A.8)
and
‖σ‖ = sup
v∈V
|σ(v)|
‖v‖
= sup
u∈U
|τ(u)|
‖u‖
= ‖τ‖. (A.9)
Applying the Hahn-Banah theorem to the situation at hand, we onlude
that the funtional S ◦ ϕ−1 may be extended to a linear funtional σ on V
suh that
σ(u) = S ◦ ϕ−1(u), for all u ∈ Imageϕ, (A.10)
or equivalently,
S(w) = σ(ϕ(w)). (A.11)
By the denition of the dual mapping we onlude that S = ϕ∗(σ).
In general, for any σ ∈ V∗
‖ϕ∗(σ)‖ = sup
w∈W
|ϕ∗(σ)(w)|
‖w‖
= sup
w∈W
|σ(ϕ(w))|
‖w‖
6 sup
w∈W
‖σ‖‖ϕ(w)‖
‖ϕ(w)‖
, (A.12)
so
‖ϕ∗(σ)‖ 6 ‖σ‖. (A.13)
16 REUVEN SEGEV
On the other hand, for any σ ∈ V∗, suh that S = ϕ∗(σ)
sup
w∈W
|S(w)|
‖w‖
= sup
v∈Imageϕ
∣∣S ◦ ϕ−1(v)∣∣
‖v‖
= sup
v∈Imageϕ
|σ(v)|
‖v‖
, (A.14)
so by the Hahn-Banah theorem
‖S‖ = ‖ϕ∗(σ)‖ = ‖σ̂‖, (A.15)
where σ̂ is the element of V∗ extending S ◦ ϕ−1 and having the same norm
as in Equation (A.9).
We onlude that
‖S‖ = inf
σ
‖σ‖, (A.16)
where inmum is taken over all σ satisfying S = ϕ∗(σ). The inmum is
attained for σ̂ as above. 
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